Mathematica 11.3 Integration Test Results

Test results for the 111 problemsin "1.2.2.5 P(x) (a+b x"2+c
xN)Ap.m"

Problem 15: Result unnecessarily involves imaginary or complex numbers.
d+ex
J dx
1+x2+x4

Optimal (type 3, 92leaves, 15 steps):

dAr‘cTan[%} dAr‘cTan[%] eAr‘cTan[lj?Xz]

1 1
+ - =dLlog[1-x+x*| + =dLog[1+x+x?]
24/3 2+/3 V3 4 4
Result (type 3, 98 leaves):
li \6-61i3 dAr‘cTan[1 (—i+\/?> x| -
6 2

\N6+61i/3 dAr‘cTan[%(i+\/?) x]+21‘1\/?eAr‘cTan[ V3 ]

1+2x2

Problem 16: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?

Ji dx
1+x2+x4

Optimal (type 3, 104 leaves, 14 steps):
(d+F) Ar‘cTan[%] (d+F) Ar‘cTan[%]

- + +

2+/3 2+/3

1+2x2 ]

eAr‘cTan[ 1 1
= (d-f) Log[1-x+x?] + =
NEY 4 4
Result (type 3, 121 leaves):
(Zjd+ (—j+\/?) -F) Ar‘cTan[i (—j+\/?) x]
6+6i+3
(721'Ld+ (]i+\/?) f) Ar‘cTanE (Ji+\/?) x| eAr‘cTan[L]

142 x2

(d-F) Log[1+x+x?]

+

6-61/3 V3
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Problem 17: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?+gx3
J dx

1+x2+x4
Optimal (type 3, 127 leaves, 15 steps):

) (d+f) Ar‘cTan[%] ) (d+f) ArcTan[%} ) (2e-g) Ar‘cTan[%] )

2+/3 23 23

i(d—ﬂ Log[1 - x +x?| +i (d-f) Log[1+x+x?] +igLog[1+x2+x4]

Result (type 3, 150leaves):
1

23/2-2i/3 (2id+ [-i+V3 | f] ArcTan|

N |

(7]'1+\/?) X]+

8+/3

2

24283 (-2id+ (i+V3)f ArcTan[l(fHﬁ) x| +

2

-4e+2 ArcTan
< ' g> [1+2X2

}+\/?gLog[1+x2+x4}J

Problem 18: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx®+hx*
J dx

1+x%+x4
Optimal (type 3, 136 leaves, 17 steps):

- (d+f—2h)ArcTan[%] ) <d+-F—2h)Ar‘cTan[1J_%] ) (2e-g) ArcTan[—ljg_xz}

2+/3 23 23

d-f) Log[1-x+x?] Lt (d-f) Log[1+x+x?] +lgLog[1+x2+x4]
4 4

1
|
Result (type 3, 165leaves):

24

2ahx+4 ((31+V3 | d+ (-3i+/3)f-2V3 h]ArcTan|

N |

(—J'l+\/?) X} +
a((-35+33 ) ds (3133 ) F-2+3 h) ancTan| > (1433 ) x] -

2
V3 ] +4\/?gAr‘cTan[

1+2x2 1+2x?

8/3 eArcTan| | +6gLog[1+x?+x*]

Problem 19: Result unnecessarily involves imaginary or complex numbers.

diex+fx2+gx®+hx*+ix®
dx
1+x2+x4
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Optimal (type 3, 151 leaves, 19 steps):
- ix? (d+f-2h) Ar‘cTan[%] ) (d+Ff-2h) Ar‘cTan[%] (2e-g-1) Ar‘cTan[lg‘Z]

2 2+/3 2+/3 ’ 2+/3

(d-f) Log[1-x+x?] +1 (d-f) Log[1+x+X?] +1 (g-1) Log[1+x*+x*]
4

IO

4

Result (type 3, 187 leaves):

12

6x (2h+ix)+(1+iV3 ) (2V/3 d-[3:+V3 ) f-[-3i+V3|h]ArcTan]

N |

(—]'l-f—\/?) X}+
(13 ) (~20V3 d+ (3453 ) f+i (3333 | h) ArcTan[ > (i+V3 ) x] -

2

2+/3 (2e-g-i) ArcTan|

2} +3 (g-1) Log{1+x2+x4}J
1+2x

Problem 31: Result unnecessarily involves imaginary or complex numbers.
J d+ex
—dx
<1+X2+X4>2

Optimal (type 3, 140leaves, 17 steps):

dx(l—xz) e(1+2x2) dAr‘cTan[l‘z"]
. _

6(1+X2+X4) 6<1+X2+X4> 343

d ArcTan [ 1%" } 2 e ArcTan [ M]
+

—ldLog[l—Xerz] +1dLog[1+x+x2]

343 343 4 4
Result (type 3, 146 leaves):

er2ex2d (x-) (711]1“/?) dArcTan|[ 2 (7J'l+\/?) x|

6(1+X2+X4) )

616+61i3
(113 ++/3 ) dArcTan[? (i ++/3] x] 2eArcTan[ ]

142 X2

66-61i3 3V3

Problem 32: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?
Jidlx
(1+X2+X4>2

Optimal (type 3, 165leaves, 16 steps):



4 | Mathematica 11.3 Integration Test Results for 1.2.2.5 P(x) (a+b x"~2+c x~4)"~p.nb

e(1+2x) x(def-[d-2f)x) (44 ArcTan[TEH] - (4d . f] ArcTan| ]

6(1+X2+X4) 6(1+X2+X4) 12/3 12+/3

2 eArcTan| —1%:2 ]

ot (2d-f) Log[1-x+x?] . (2d-f) Log[1+x+x?]

343 8 8
Result (type 3, 186 leaves):

1 |6 (e+2ex?+x (d+f-dx?+2fx?))

36 1+x2%+x4

([-12i+V3)d-2(-2i+3 ) f) ArcTan[2 (-i++/3 ] x]

T
([114+V3 ) d-2 (24 +V3 ] f] ArcTan[ (i +V3 ) x] J3
2 —8\/?eAr‘cTan[ >
i(l_j\/?) 1+2X%

Problem 33: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3
J dx

(1+X2+X4)2

Optimal (type 3, 179leaves, 15 steps):

X (d+f- (d-2F)x?) +e72g+ (2e-g) x? . (4d+f) Ar‘cTan[%] . (4d+f) Ar‘cTan[%] .

6(1+X2+X4> 6(1+X2+X4) 12/3 12/3

(2e-g) Ar‘cTan[%]

L (2d-f) Log[1-x+X?] . (2d-f) Log[1+x+X?]

3+/3 8 8
Result (type 3, 200 leaves):
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1 6(e+2ex2—g(2+x2)+x(d+f—dx2+2fx2))

36 1+x2+x4

([-128+v3)d-2(-2i+3 ) f) ArcTan[2 [-i++/3 ) x]

Y

[[112+V3 ) d-2 (24 +V3 ] f] ArcTan[ (i +V3 ) x] NES

1+2x2

~4+3 (2e-g) ArcTan]|

}
(s3]

Problem 34: Result unnecessarily involves imaginary or complex numbers.

direx+fx2+gx®+hx*
J dx

<1+X2+X4>2

Optimal (type 3, 187 leaves, 15 steps):
e-2g+(2e-g)x* x(d+f-2h-(d-2Ff+h)x?)

6 (1+x2 + x*) 6 (1+x2+x%) 7
(4d+f+h) ArcTan[%] (4d+f+h)Ar‘cTan[%] (2e-g) ArcTan[lj?xz}

+ + -

12+/3 12/3 34/3

: (2d—'F+h) Log[l—x+x2} +1 <2d—'F+h) Log[1+x+x2]
8 8

Result (type 3, 234 leaves):
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—|-———6(g(2+x*) -e(1+2x*) +x (d (-1+x*) +h (2+x*) - f (1+2x%))) -

1

[[-128033 ) d-2 (25233 ] £+ -5 503/3 | n) arcTan[~ (~1+3/3 ) x] -
Haess)
- [[s14233 ) a 2 (203 ) fo 55033 ) n)arcTan[ > (1433 ) x] -
13
43 (2e-g) Ar‘cTan[l\/z?2

Problem 35: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3+hx*+1ix®
J dx

(1+X2+X4)2

Optimal (type 3, 194 leaves, 16 steps):
x(d+f-2h-(d-2f+h)x?) e-2g+i+(2e-g-1i)x?
+

6<1+x2+x4) 6<1+x2+x4>

(4d+f+h) Ar‘cTan[%] ) (4d+f+h) Ar‘cTan[%] (2e-g+21) Ar‘cTan[%]

+ —

12+/3 12+/3 343
1

~ (2d-f+h) Log[1-x+x?] . (2d-f+h) Log[1+x+x?]
8 8

Result (type 3, 243 leaves):
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1 1

|, 6 (e+i+dx+fx-2hx+2ex’-ix*-dx>+2fx*-hx>-g (2+x%)) -
36 |1+Xx°+X

1

((-228+v3)d-2(-24+V3 | f+ (-58+/3 ) h]ArcTan[= (-i+/3 ) x] -

N |

Y

1

[[s14233 ) a 2 (203 ) fo 55033 ) n)arcTan[ > (1433 ) x] -

o)

V3

4+/3 (2e-g+21) ArcTan|
1+2x?

Problem 47: Result unnecessarily involves imaginary or complex numbers.
J d+ex
— dX
<1+X2+X4>3

Optimal (type 3, 185leaves, 19 steps):

dx (1-x?) . e (1+2x?) . dx (2-7x?) e (1+2x?) _13dAr‘cTan[1gX]+

12 (1+x2+x4)? 12 (1+x2+x*)? 24 (1+x?+x*) 6 (14X +x*) 48 /3

13d ArcTan| 22X ] 2eAr‘cTan[1*2"2] 9 9
V3 + = ——dLog[l—X+X2]+—dL0g[1+X+X2]

48+/3 33 32 32
Result (type 3, 186 leaves):



8 | Mathematica 11.3 Integration Test Results for 1.2.2.5 P(x) (a+b x"~2+c x~4)"~p.nb

1 |6(dx(2-7x%) +e (4+8x?))

144 1+x2+x4

+

12 (e+2ex?+d (x-x3)) (—47i+7\/?) dAr‘cTanE (—Ji+\/?) x|

(1+X2+X4)2

YA

(47Ji+7\/?)dAr‘cTan[i(j+\E)x} \E

1+2x2

-32+/3 eArcTan|

]
T

Problem 48: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?
Ji dx
<1+X2+X4>3
Optimal (type 3, 223 leaves, 18 steps):
e (1+2x?) X (d+f- (d-2f)x?) e (1+2x?)
+

12<1+x2+x4>2 12 <1+X2+x4>2 6 (1+x2+x%)

+

X (2d+3-F77 (df-F) x2> ) (13d+2'F) Ar‘cTan[%} ) (13d+2'F) Ar‘cTan[%] )

24 (1+x2+x%) 48/3 48+/3

2eAr‘cTan[M]

L (9d-4f) Log[1-x+x?] L (9d-4F) Log[1+x+x?]

3+/3 32 32
Result (type 3, 235leaves):

1 6(2dx+3-Fx—7dx3+7-Fx3+e(4+8x2)) 12<e+2ex2+x(d+F—dx2+2-Fx2))
- N _
144 1+x%+x4 (1+—X2+X4>2

([-47i+7+3 ) d+ (170 -7/3 ] f) ArcTan[2 (-3 +V/3 | x]

f1e13)

V3

1+2x2

((474+7V3 ) d- (178+7/3 ) f] ArcTan[2 (i + /3] x]

~-32+/3 eArcTan [

{(1-17]
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Problem 49: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx?+gx3
J dx

(1+X2+X4)3

Optimal (type 3, 243 leaves, 17 steps):
x(d+f-(d-2f)x?) e-2g+(2e-g)x* (2e-g) (1+2x?)
+ +

+

12 (1+X2+X4)2 12<1+x2+x4>2 12<1+X2+X4>
x(2d+3F-7 (d-F) %) (13d+ 2f) ArcTan[ 2] + (13d+2f) Ar‘cTan[%] +
24 (1+x%+x%) 483 483

(2e-g) ArcTan]| —1;237"2 ]

S (9d-4F) Log[1-x+x?] L i (9d-4F) Log[1+x+x?]

343 32 32
Result (type 3, 259 leaves):

1 [6(2dx+3Ffx-7dx3+7Ffx3-2g (1+2x%) +e (4+8x?))
e +

144 1+x2%+x4

12 (e+2ex?-g (2+x%) +x (d+ f-dx?+2fx?))

(1+X2+X4)2

([-475+7V3 ) d+ (174-7/3 ) £) ArcTan[2 -1+ /3| x]

ey

([474+73 ) d- (178 +7/3 ) f] ArcTan[2 (i ++/3 ] x] J3

1+2x2

~16+/3 (2e-g) ArcTan |
o

Problem 50: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx®+hx?
J dx

<1+X2+X4>3

Optimal (type 3, 263 leaves, 17 steps):
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e-2g+(2e-g)x* x(d+f-2h-(d-2f+h)x?) (2e-g) (1+2x?)
+ +

N
12 <1+x2+x4)2 12(1+x2+x4)2 12 (1+x2 +x4)

x(2d+3F-h-(7d-7€:4h)x) (13d+2-F+h)Ar‘cTan[%] ) (13d+2-F+h>Ar‘cTan[%] )

24 (1+x2+x%) 483 48+/3

(2e-g) Ar‘cTan[lj_sz]

S (9d-4f+3h) Log[1-x+x?] L2 (9d-4f+3h) Log[1+x+x?]

343 32 32
Result (type 3, 303 leaves):

L —#6 (-4e(1+2x%) +g(2+4X%) +x (-2d-3F+h+7dx>-7Fx*+4hx?)) +
144 1+x2+x4

12 (e+2ex?-g (2+x?) +x (d+f-dx2+2Ffx2-h (2+x2))) 1

Y

<1+X2+X4>2
((-472+7V3 ) d+ (170-7V3 | f+2(-7i+2/3) h)ArcTan[l (-i+V/3)x] -

1

2
. . . 1.
((478+7V/37)d- (17:+7V3 )| f+2(7i+2V3 | h) Ar‘cTan[g [i+V3)x] -

o)

V3
1+2x2

163 (2e-g) ArcTan |

Problem 51: Result unnecessarily involves imaginary or complex numbers.

d+ex+fx2+gx3+hx*+ix®
J dx

(1+X2+X4)3

Optimal (type 3, 269 leaves, 18 steps):
X (d+f-2h-(d-2f+h)x?) e-2g+i+(2e-g-ijx* (2e-g+i) (1+2x?)
+ + +

12(1+x2+x4)2 12 (1+x2+x4)2 12 (1+x%+x4)

x(2d+3F-h-(7d-7f+4h) ] (13d+2-F+h)Ar‘cTan[1%X] ) (13d+2-F+h)Ar‘cTan[%] )

24 (1+x%+x4) 48/3 48+/3

[ 142 %2 }
3

(2e-g+1) ArcTan

L (9d-4f+3h) Log[1-x+x?] - (9d-4f+3h) Log[1+x+x]

343 32 32
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Result (type 3, 325leaves):

1 1 1
— |12 (e+i+dx+fx-2hx+2ex?-ix*-dx>+2fx>-hx’-g (2+x*)) + ————
144 (1+X2+X4)2 1+x%+x4

6 (2i+2dx+3Ffx-hx+4ix*-7dx®+7fx*-4hx®-2g (1+2x%) +e (4+8x%%)) -
1

o)

. . . 1.
([-478+7V3 ) d+ (173-73 ) f+2(-7i+2V3) h)Ar‘cTan[; (-i+V3) %] -

1

((478+7V/37)d- (17:+7V3 | f+2(7i+2V3 | h) Ar‘cTan[i [i+V3)x] -
[

V3
1+2x2

163 (2e-g+1i) ArcTan |

Problem 103: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(d+ex+fx2+gx3) (a+bx2+cx4)3/2dlx

Optimal (type 4, 717 leaves, 12 steps):
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—([(18b3cd—144abc2d—8b4-F+57ab2cf—84a2c2f) Xx+/a+bx?+cx? /

3(b2-4ac) (2ce-bg) <b+2cx2)m 1

(315 52 (\/?+\/?x2))] -

¥
256 3 315 ¢2

X (9b2cd+90ac2d—4b3f+9abcf+3c (9bcd—4b21°+14acf> X2> Ja+bx?+coxt o+

(2ce-bg) (b+2cx?) (a+bx?+cx*)?? x (3 (3cd+bf)+7cfx?) (a+bx?+cxt)??
+

+

32c? 63 C
3(b2-4ac)?(2ce-bg) ArcTanh| —22eX*
g (a+bx2+cx4)5/2 ( ac> ( ce g) retan [Z\E\/mbx%cx“ }
+ +
10 c 512 c7/2

a+bx2+cxt
al/“(18b3cd—144abc2d—8b4-F+57ab2c-F—84a2c2-F) (\/?+\/?x2) ArOREER

(\/a +/ ¢ x2)2
1/4 1 b
EllipticE[zArcTan[c 1, = 2—]] /[315c11/4x/a+bx2+cx4 -
a1/4 4 \/?\/?

al/4 (18b3cd-144abc2d—8b4f+57ab2cf-84a2c2f+

a+bx?+cx?

Va Ve (9b2cd—180aczd—4b3f+24abcf>) (\/?+\Ex2)

(\/a +Vc xz)2
1/4 y 1 b
EllipticF[2ArcTan| » — (2 ———|] /[630c”/4x/a+bx2+cx4
al/4 4 ﬁa ﬁc

Result (type 4, 2588 leaves):

1
161280c’/2 | ——— +“Ja+bx?2+cx*
b+/b?-4ac

DS - N — (a+bx?+cx?) (-945b*g+2b>c (945e+x (512F+315gx)) -

b BT dac

12b%*c (-525ag+cx (192d+105ex + 64 f x> +42gx?)) -
8bc” (3a(525e+256Ffx+147gx?) +2cx® (1152d+945ex + 800 f x> + 693 g x*) ) -
16 c® (584a°g+2c*x° (360d+7x (45e+40Ffx+36gx>)) +

acx (2160d+7x (225e+16x (11f+9gXx))))) +

b+Vb?-4ac +2cx? 2 cx?

23041‘1\/7b3c3/2(b— b2—4ac)d 1+

b+vb2-4ac b-+vb2-4ac




Mathematica 11.3 Integration Test Results for 1.2.2.5 P(x) (a+b x~2+c x~4)"~p.nb

c b+\/b2—4ac}

EllipticE[i ArcSinh[V/2 x|,

b+vb2-4ac b-+vb2-4ac

c b+\/b2—4ac]
X,
+vVb?-4ac b-+vb%2-4ac

EllipticF[i ArcSinh[+/2

_
o

»
©
0

]d b+Vb2-4ac +2cx? 1 2 cx?
+Vb%2-4ac b-+vVb%2-4ac

c b+Vb%2-4ac

x | -

b+vb2-4ac b-+vb2-4ac

b+vVb2-4
EllipticF|i ArcSinh| \/_\/ x|, * ac 1|+

184321 +/2 abc®/? (7b+ [

EllipticE[i ArcSinh[V/2

_

+vb2-4ac b-+vb2-4ac

b+Vb2-4ac +2cx? 2 c x?
7296 i /2 ab2c3/2( ~/b? 4ac] ’ : 1+
+vVb%2-4ac b-+Vb%2-4ac

+\/b2—4ac}
x|, -
Vb2 -4ac b-+Vb%*-4ac

b+Vb%2-4ac
EllipticF[i ArcSinh[v/2 , — ]|+
+vb2-4ac b-+vb2-4ac

EllipticE[i ArcSinh]| FJ

b+vVb2-4ac +2cx? 2 cx?
1024 i /2 b*+/c ( ++/ b2 4ac) * ! 1+

+vVb2-4ac b-+vb?-4ac
Vb2-4ac
E1lipticE[i ArcSinh[+/2 , — ] -
+Vb%2-4ac b-+Vb%2-4ac

b+vb2-4ac
EllipticF [i ArcSinh[+/2° , ]|+
+Vb%-4ac b-+vb%?-4ac

b++b?-4 2cx? 2cx?
107521’1\/7a2c5/2(— ++/ b2 4ac) ac recXt g, e
b+vVb2-4ac b-+b2-4ac

+Vb%2-4ac
XJ
b2 -4dac b-+Vb%2-4ac

EllipticE [Jl Ar‘cSmh \F\/ } _

c b+Vb%2-4ac

EllipticF[i ArcSinh[+/2 x ]|+

3
+Vb%2-4ac b-vVb%2-4ac
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b+Vb2-4ac +2cx? 2 cx?
23041 /2 ab?c52d | — h 1, —=-2
b+Vb%2-4ac b-+Vb%?-4ac
C b+vb2-4ac
EllipticF[Ji Ar‘cSinh[\/? _— x} * ] -

b+vb2-4ac b-+vb?-4ac

b+Vb2-4ac +2cx? 2 cx?
460801 /2 a2c’/2d | — ! 1, —=-2
b+Vb%2-4ac b-+Vb%?-4ac
C b+vb2-4ac
EllipticF[Ji Ar‘cSinh[\/? —_— x} * ] -

b+vb2-4ac b-+vb?-4ac

b+Vb2-4ac +2cx? 2 cx?
10241 +/2 ab? 32 f | — ’ 1, —=-2
b+Vb%2-4ac b-vVb%2-4ac
C b+vb2-4ac
EllipticF[Ji Ar‘cSinh[\/? —_— x} * ] +

b+vb?-4ac b-+vb?-4ac

b+Vb2-4ac +2cx? 2 cx?
61441 /2 ab 52 f | — ! 1, —==2
b+vb2-4ac b-+vb2-4ac

c } b+vb?-4ac
s ], T Tas
b+vVb2-4ac b-+b2-4ac

c
1890b%*c | —————— e~Ja+bx?+cx* Log[b+2cx?+2+/c yJarbx?+ex?t | -

EllipticF[i ArcSinh[v/2

]+

b++vb%2-4ac
c
15120ab*c? | ——————— esJa+bx?+cx* Log[b+2cx?*+2/c \Jarbx®+cxt |+
b++vb%2-4ac
c
30240a%c® | ————— e~Ja+bx?+cx* Log[b+2cx?+2+/c qJarbx?+oxt | -
b+vb2-4ac
c
945b° | ——————— g+Ja+bx®+cx* Log[b+2cx?+2+/c AJarbx?rcxt |+
b++Vb%2-4ac
c
7560ab*c | —————— gi/a+bx?+cx?* Log[b+2cx?+2/c \Jarbx®rcx? | -
b+vb2-4ac

c
15120a2bc? | —————— g-/a+bx®+cx* Log[b+2cx?+2+/c \Ja+bx?+cx* |
b++vb2-4ac
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Problem 104: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(d+ex+fx2+gx3) \a+bx?+cx* dx

Optimal (type 4, 505 leaves, 10 steps):
(5bcd-2b2f+6acf)xVa+bx?+cx?t
N
15 ¢3/2 (\/?H/c_xz)

(2ce-bg) (b+2cx?) Va+bx?+cx* x(5cd+bf+3cfx?) Va+bx?+cx?
+

.
16 c? 15 ¢

b+2 ¢ x?
g (a+bx?+cxt)?? (b?-4ac) (2ce-bg) ArcTanh| — 22—

2+/c ~Ja+bx?icx?

6cC 32 ¢%/2

2 4
at/* (sbcd-2b2Fr6act) (Va +vc x| ("’”b’”cx)z
Ja e R

1/4 % b

VAT

EllipticE[2ArcTan| 2

+

]] /[15c7/4«/a+bx2+cx4

1
al/4 ]’ Z

at/ [b+2va V| ([scd-2bF+3va Ve f] (Va « e x| arbxirexd

(\/?+\/?x2)2
1/4 1 b
EllipticF[ZAr‘cTan[C X], = 2—7]] /[30c7/4«/a+bx2+cx4
al/4 4 \/?\/?

Result (type 4, 1534 leaves):
6bce-3b’g+8acg (5cd+bf)x
+

6ce+bg) x?2 f£x3 4
\Ja+bx?+cx? +( g) + X +gX +
48 c2 15 ¢ 24 c 5 6
1 2 c x? 2cx?
Zejﬁbc(—b+x/b2—4ac)d 1- 1-
240 c? -b-+vb2-4ac -b++vb2-4ac
c -b-+vb?-4ac
EllipticE[i Ar‘cSinh[\/? - x|, |-
-b-+vb2-4ac -b+vVb2-4ac

~b-/b?-4
EllipticF[i ArcSinh[v/2 |- : X, i /
-b-+Vb?-4ac -b+Vb2-4ac
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C
- a+rbx?+rex? | -

-b-+b2-4ac
2cx? 2cx?
Sjﬁbz[—b+ b2—4ac]-F 1- €x 1- €x
-b-+vb?-4ac -b+vb?-4ac
c -b-+/b%*-4ac
EllipticE[i ArcSinh[V2 |- ] ] -

x],
-b-+vb2-4ac -b+vb%-4ac

C —b—\/b2—4ac] /
— X,
-b-+/b?-4ac -b++/b2-4ac

C
- Ja+bx?rox* |+

EllipticF[iArcSinh[v/2

-b-+/b2-4ac
2 2 2 2
241’1\Eac(—b+ b2—4ac)-F 1- - 1- -
-b-+/b%-4ac -b++b2-4ac
c -b-+vb2-4ac
EllipticE[i ArcSinh[+/2 |- x|, |-
-b-+vb2-4ac -b+vb2-4ac
c -b-+/b?-4ac
EllipticF[iArcSinh[V2 |- x|, ] /
-b-+vb%-4ac -b+vb%-4ac

c 2 cx?
- Ja+rbx?+cx* | -|80i+2 ac’d |1-

-b-+b%-4ac -b-+/b%2-4ac
2cx? c
1- EllipticF[i ArcSinh[+/2 |- x|,
-b++vb?-4ac _b-+b2-4ac
-b-+/b%2-4ac c 2 "
}/ - A\Ja+bxf+cx +
-b+vb2-4ac -b-+/b%?-4ac
2 cx? 2 c x?
8i+2 abcf [1- 1-
-b-+/b%-4ac -b++/b?-4ac
C -b-+vb%-4ac
EllipticF[jAPcSinh[\E - x}, ]/
-b-+/b?-4ac -b++/b2-4ac

c
- \Ja+rbx?+cx* | ~15b%+/c elog[b+2cx?+2/c \Jarbx?rcx? |+

-b-+/b2-4ac
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60ac’?eloglb+2cx?+2+c \Jarbx?+cx® |+

15b3glog[b+2cx?+2+/c Va+rbx?+cx* |
2+/c

30ab+/c glog[b+2cx?+2+/c Ja+bx?+cx* |

Problem 105: Result unnecessarily involves imaginary or complex numbers.

Jd+ex+fx2+gx3
X

Va+bx?+cx?
Optimal (type 4, 359 leaves, 8 steps):

(2ce-bg) Ar‘cTanh[%

gva+bx?+cx*  fxva+bx?+cx? 24/ \JasbxPicxt
+ + -
2¢c \/c_(\/?Jr\/?Xz) 4 c3/2
a+bx?+cx? cl4x, 1 b
al/4 f (\E+v?x2) *—*2 EllipticE[2ArcTan[——], ~ 2]] /
(\/?H/?xz) at/ 4 Va Ao
d b 2 4
(c3/4\/a+bx2+cx4 + a”“[ﬁ +f (\/;Jr\/?xz) Larpxrex, X+CX2
Va (\/?+\Ex2)
cl/4 x 1 b
EllipticF[2ArcTan| y — (2 ———|] /[2C3/4\/a+bX2+CX4
al/4 4 \/?\/?

Result (type 4, 526 leaves):
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1
ac¥? [ < Jaibxlicxt
b/biac
b-Vb?-4ac +2cx? b b2 _dac +2cx2
iVZ e (oot aac] Vb -4ac +2¢x? | b+V/b?-4ac +2cx
b-+b2-4ac b+Vb2-dac
b b2-4
E1lipticE[i ArcSinh[+/2° N — E] B
b+Vb>-4ac b-vb>-dac

b-+vVb%2-4ac +2cx? b+Vb2-4ac +2cx?
j\/?\/?(2cd+[b+x/b24ac)f)\/ ’ \/ : :

b-+/b2-4ac b+Vb2-4ac
b+b2-4
EllipticF[i ArcSinh[+/2 ;x,—+ﬁ]+ —
b+vVb2-4ac b-+/b2-4ac b+Vb2-4ac

(Z\Eg(a+bx2+cx4)+<2ce—bg) Ja+bx?+cx® Log[b+2cx?+2+/c \Jarbx?+cxt |

Problem 106: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx3
J dx

(a+bx2+cx4)3/2

Optimal (type 4, 447 leaves, 7 steps):
x (b’d-2acd-abf+c(bd-2af)x?) be-2ag+(2ce-bg)x?

a(b?-4ac)va+bx?+cx? (b2-4ac)Va+bx?+cx?

\/c_(bd—ZaF)x a+bx?+cx?
a (b2—4ac) (\/?+V?x2)

|4 (bd-2af) (Va +vc X

a+bx?+cxt L cl/4 x
S — E111pt1cE[2Ar‘cTan[

1
(\/;+\EX2)2 a1/4]’4

ool

(a3/4 (b*-4ac)/a+bx*+cx*

) (\Ed—\/?f) (\E+\Ex2) a+bx?+cx?
(\/?+\/?X2)2

1/4

EllipticF[2ArcTan|

Z—ﬁ]] /[2a3/4 (b—ZV?\/?) c1/4xla+bx2+cx4)

1
al/e 1 g

Result (type 4, 513 leaves):
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1
4a<b2—4ac) —<——— Ja+bx?+cxt
b+v/b%-4ac

C

4 | ———— (-2a*g-bdx (b+cx®)+2acx (d+x (e+fx))+ab(e+x (f-gx)))+
b+Vb2-4ac

2 2 _ 7 2
J‘l[—b+x/b2—4ac)<bd—2af) b+vb?-4ac +2¢x [2b-2+b?-4ac +4cx

b+vVb2-4ac b-+b2-4ac

2_
EllipticE[i ArcSinh[+/2 ¢ x], b”/m} _
b+VbZ-4ac b-vVb2-4ac

i (—b2d+4acd+b\/b274ac d-2a+/b?-4ac -F)
\/b+\/b24ac +2cx? \/2b2x/b24ac +4cx?

b+Vb2-4ac b-+b2-4ac
c b+vb2-4ac
EllipticF[i ArcSinh[+/2 x|, = ]
b+vb2-4ac b-+vb2-4ac

Problem 107: Result unnecessarily involves imaginary or complex numbers.

drex+fx2+gx3
J dx

(a+bx2+cx4)5/2

Optimal (type 4, 680 leaves, 9 steps):
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X (bzdfzacd—aberc (bdfzaf) xz)

3a(b?-4ac) (a+bx2+cx4>3/2
be-2ag+ (2ce-bg) x? 4 (2ce-bg) (b+2cx?)
+
3(b274ac) (a+bx2+cx4)3/2 3(b2—4ac)2\/a+bx2+cx4

(x (2b*d-17ab’cd+20a*c*d+ab*f+4a’bcf+c (2b’d-16abcd+ab’f+12a%cH) xz))/

+

+

5 \/?(2b3d—16abcd+ab2F+12a2cF)xx/a+bx2+cx4
(Ba2 (b2—4ac) x/a+bx2+cx4)—
3 a2 (b2—4ac)2 (\/?Jr\/?xz)

a+bx?+cx?

c"*(2b°d-16abcd+ab*f+12a’cf) (\/;Jr\/?xz)\l( )2
Va ++c x?

cl/4 x 1

>
a1/4 4

EllipticE[2ArcTan|

2- \/?b\/?]] /[Ba”“ (b2-4ac)?Ja+bx?+cxt

cl/4 (szd—3\/?b\/?d—10acd+abf+6a3/2\/?f) (\/?+\/?x2)

a+bx?+cx? L c4x, 1
———————— EllipticF[2ArcTan| ], =

(\E+\EX2)2 al/s 7 g
(6a7/4 (b—Z\/;\E) (b2—4ac) Ja+bx?+cx?

Result (type 4, 598 leaves):
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1

12a% (b?-4ac)? (a+bx2+cx*)>?
-4a(b®-4ac) (-2a°g-bdx (b+cx?) +2acx (d+x (e+fx))+ab (e+x (f-gx)])+

4(a+bx2+cx4) (2b3dx(b+cx2)+abx(—17bcd+b2f—16c2dx2+bcfx2>+
4a® (-b*g+c®x (5d+x (4e+3Ffx))+bc(2e+x (f-2gx))))+
2 _ 2 2
1 ]i\/? b++vVb*-4ac +2cx 1. 2cx
c b+vb2-4ac b-+vb2-4ac

(a+bx2+cx4>

b+y/b%*-4ac
{—(—b+x/b2—4ac] (2b3d—16abcd+ab2f+12a2cf)

_— x|, —] +
b+vb2-4ac b-+vb%2-4ac

(—2b4d+b3 (2x/b2—4ac d—af) ‘dabc [—4x/b2—4ac d+af) .
a b? (18cd+\/b2—4ac -F) +43a’c [—10cd+3«/b2—4ac f])

c b+vb2-4ac
EllipticE[iAr‘cSinh[\/?\/ ’

c b+Vb%2-4ac
EllipticF[i ArcSinh[v2 |[———— x|, — ]
b+vb2-4ac b-+vb2-4ac



22 | Mathematica 11.3 Integration Test Results for 1.2.2.5 P(x) (a+b x~2+c x~4)"~p.nb

Summary of Integration Test Results

111 integration problems

A - 91 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 20 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



